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Liapunov's direct method is extended to determine the stability of distributed systems with
single and multiple equilibrium profiles. The method is simple to apply and makes use of cer-
toin inequalities to establish the sign definiteness of the time derivative of the Liapunov
functional. Two numerical examples are presented, the adiabatic catalyst particle and an

empty adiabatic tubular reactor with axial diffusion.

In recent years the chemical engineering literature has
dealt more and more with stability problems germane to
the field. Two general types of problems have usually
been discussed. The first problem concerns the question of
whether there is more than one steady state solution to the
system’s equations; this relates to the mathematical ques-
tion of uniqueness. In addition, if the solution is not
unique, what perturbations in the system can a given
steady state tolerate while still insuring that the transient
will approach the steady state; in other words, what is the
region for asymptotic stability (R.A.S.).

The second problem deals with the question of whether
bounded inputs yield bounded or unbounded outputs. In
this case the input variables to the system are changed
and the question to be answered is whether the new
steady state will be in the neighborhood of the former
steady state. This is known as sensitivity analysis.

Both types of problems have been extensively treated
in the literature starting with the work of Barkelew [4],
and of van Heerden [15, 16]. Typical contributors have
been Coste, Aris and Amundson [7], Wang and Perlmut-
ter [17], Amundson and coworkers [I, 5, 6, I11], Weisz
and Hicks [20], and Gavalas [8]. Our concern here is
with distributed systems and the stability of a unique or
multiple steady state configuration, in which case the
work of Wei [19] and Kuo and Amundson [10] as ap-
plied to a catalyst particle is of direct interest. Both
authors take advantage of the linearized transient equa-
tions for the catalyst particle. Wei [19] used an extension
of the direct method of Liapunov to determine stability
(see discussion later) while Kuo and Amundson [10]
analyzed the stability of the steady states by using the
theory of eigenfunctions. Essentially Kuo and Amundson’s
analysis of the problem is one of finding the solution of
the corresponding eigenvalue problem of the linearized
system of partial differential equations. The asymptotic
stability of the steady state is determined by the sign of
the real part of the extremal eigenvalue of the corre-
sponding eigenvalue problem. This determination of the
extremal eigenvalue required use of a variational method
to approximate the eigenvalue. For the special case where
the Lewis number (the Lewis Number is the ratio of
heat diffusion to mass diffusion) is equal to one, Kuo
showed that the linearized partial differential equations
are much simpler and in fact form a self-adjoint system.
Since the eigenvalues are all real for a self-adjoint sys-
tem, Kuo and Amundson used the comparison theorem
and Sturm’s oscillation theorems to determine the stability
of the steady states of this special catalyst particle.
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Another large class of distributed systems which can
exhibit multiple steady states is the tubular reactor with
axial diffusion. Raymond and Amundson [13] presented
a method for the backward integration of the steady state
equation of the adiabatic tubular reactor with axial diffu-
sion, which yields the multiple steady state profiles. In a
later paper, Amundson [2] used the previously mentioned
eomparison and oscillation theorems to derive a criterion
for the stability, or instability, of the steady states of the
adiabatic tubular reactor with axial diffusion, subject to
infinitesimal perturbations. The stability conditions are
based upon steady state information alone and require
the solution of a linear ordinary differential equation.

At this point a summary of the work on the stability
of the steady states of distributed systems seems appropri-
ate. The problem of showing the possibility that a dis-
tributed system can exhibit multiple steady states seems
well in hand, and the steady state profiles can be gener-
ated, even in very poor situations, by backward integra-
tion. The analysis of the stability of these profiles has
taken two paths:

1. The nonlinear transient partial differential equations
are integrated for a given initial perturbation. This is a
brute force analysis and does not yield any general region
of stability about a given steady state without a manifold
amount of computation.

2. The system’s differential equations are linearized
and the resulting equations are manipulated so that the
problem becomes one of finding the limits of the real
parts of eigenvalues of the corresponding eigenvalue prob-
lem. It is true that the limits of the eigenvalues may be
evaluated from steady state information and that the
criterion for stability or instabilty, with respect to in-
finitesimal perturbations, is sharp. There are two draw-
backs in the eigenvalue analysis, the first is the complexity
of the mathematics, and the second is the local nature of
the region of stability as a consequence of linearization
of the system equations.

Both of these drawbacks can be mitigated, in special
cases, by Liapunov stability analysis. In the present paper
we present such an analysis which, while retaining the
linearization, does not require an eigenvalue solution. The
analysis is applied to two distributed parameter systems,
the catalyst particle modeled as a slab, and the empty
adiabatic tubular reactor. The results show that in certain
cases the stability characteristics of equilibrium distribu-
tions in such systems can be simply and directly calcu-
lated without resorting to the solution of the descriptive
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partial differential equations. It is hoped that this analysis
will motivate other workers to proceed further along this
line of attack to solve these important problems.

THE FUNCTIONAL LIAPUNOYV METHOD

In this section we will briefly point out some of the
alien features associated with Liapunov stability. Thus for
ordinary differential equations the 8, e definition of sta-
bility is [9]:

An equilibrium state x, of a free dynamic system is
stable if for every real number ¢ > 0 there exists a real
number 8(et,) > 0 such that |[x, — x|| = 8 implies:

]|¢(t§ Xo, to) - xe” e

In this purely mathematical definition x,, x, are the
n X 1 state vectors of the system, ¢ is the solution vector
of the system of differential equations and [||| denotes a
norm, or in this case the Euclidian distance. In addition,
it is necessary to realize that a free dynamic system will
be one which does not have any forcing functions, and
an equilibrium state of a free dynamic system is a state
which is time invariant. This means that the equilibrium
state is defined by a point in the phase diagram of the
state variables.

Figure 1, which illustrates the simple two state vari-
able case, will help to explain the above definition. Ex-
tending the definition to the case where the corresponding
solution trajectory goes to the equilibrium state we obtain:

An equilibrium state x, of a free dynamic system is

asymptotically stable if

1. It is stable, and

2. Every motion starting sufficiently near x, converges
tox, as t = 0.

forallt=t,

This is also illustrated in Figure 1. Two further definitions
for systems described by ordinary differential equations
are important. If the solution trajectory tends to the equi-
librium state, no matter how far the initial state is from
the equilibrium, this is defined as asymptotic stability in
the large. If the trajectory of the system goes out of the
prescribed e region this is defined as unstable behavior.

i x2

Xo
-X|
N
2
¢>, — Stable

qbg —Asymptotically
—_ stable
¢>3 —Unstable

Fig. 1. Stability definitions, ordinary differential equations.
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Liapunov’s direct method determines if a steady state
is stable based upon the sign definiteness of both a scalar
function (Liapunov function) and its time derivative.
However, the direct method can only supply a sufficient
condition for stability. That is, if the sign definiteness
criteria are met, the system will be stable, if these are not
met no conclusion as to the stability or instability of the
system can be made. The most important feature of the
direct method is its use in determining the stability of a
system without actually solving the transient equations.

The principle theorem of stability for a free dynamic
system described by ordinary differential equations is
stated and proved quite rigorously and succinctly in the
article by Kalman and Bertram [9]. We shall not quote
this theorem here.

Since the Liapunov function, V(x), is not unique many
investigators have tried to find the optimal Liapunov
function which yields the largest region of asymptotic
stability (R.A.S.) for a system. The search for the best
Liapunov function is the main difficulty in applying the
direct method. For linear stationary systems, the best
Liapunov function is a quadratic form, namely

V(x) = xTPx

where P is a positive definite symmetric matrix. Also if

V > 0and V < 0 for a linear system then the system is
asymptotically stable in the large. For nonlinear stationary
system the methods of generating a Liapunov function are
not as well developed. An excellent and current review of
various generation methods for nonlinear systems is pre-
sented by Salah [14].

Because of the nonuniqueness of the Liapunev function
it frequently may be necessary, in nonlinear systems, to
construct several different Liapunov functions. Each func-
tion may show some restricted region in state space where
both the conditions on the function and its derivative are
satisfied. The union of all such regions then gives a class of
disturbances about the equilibrium state. No disturbance
in this class can result in unstable behavior. In other
words, a systematic investigation of the function form may
be necessary to carry out a valid stability analysis.

In the case of ordinary differential equations the concept
of the phase diagram is easily visualized, and one is con-
cerned with stability with reference to a steady state or
equilibrium point. Here, stability is taken to mean that
after an initial perturbation the transient response of a
system will remain within a finite region of the steady
state. Asymptotic stability is the case where there is sta-
bility and given sufficient time the displacement from the
steady state can be made as small as desired. One is then
concerned with the size of the region about the steady
state point in which the initial perturbation can occur, as
well as how close the transient will approach the steady
state point.

The concepts of stability of a distributed parameter sys-
tem are not as easy to visualize as those of a system de-
scribed by ordinary differential equations. The steady
state is no longer a point in state space, but it is a profile;
there are now an infinite number of equilibrium points each
having its own phase diagram. When this continuum of
phase diagrams is joined the entire transistory is determined.
In order to define the stability of the system a perturba-
tion is made about the steady state profile, and if the sys-
tem is stable, the resulting transient response will remain
within a finite region or neighborhood of the steady state
profile. Asymptotic stability means that the transient pro-
file approaches the steady state profile, and given sufficient
time the displacement from the steady state can be made
as small as desired.

The above definitions can be put on a more mathematical
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Fig. 2. Stability definitions, partiol differential equations.

level by extending the stability definitions for ordinary
differential equations which were credited to Liapunov
[18]. In dealing with distributed systems we are con-
cerned with a spatial doman ©.The norm of the state vec-
tor is taken to be, for example, the Ly norm, that is

[[u(t, x)||a =_;_ [fﬂuTudQ]Uz

This is because the state vector, u, is now a function of
both time and position in Q. In this case the state solution
vector will be defined as a perturbation from the equilib-
rium vector.

An equilibrium state u, is stable if for every real num-
ber ¢ > 0 there exists a real number §(e, t,) > 0 such
that

[[u(to, x) |[a = 8(e, to)
”ll(t, X) “n =e

In the above we are not making the solution vector dis-
tinct from the state vector. Figure 2 illustrates this defini-
tion in the case of one state variable, for instance the dis-
placement of a beam from its equilibrium configuration.
Continuing with the same logic as in the case of ordinary
differential equations:

An equilibrium state of a free distributed system will be
asymptotically stable if

1. It is stable, and
2. Every motion starting sufliciently near u, converges
toue as t = oo:

[Ja(t,%)]fa~> 0

forallt > 1,

ast—> o

From the above the analogies which exist between the
two types of systems are obvious as far as definitions of
stability are concerned.

We can extend the previous notions concerning a
Liapunov function into a more general space by defining
a Liapunov functional. A functional is a correspondence
which assigns a definite number to each function (or
curve) belonging to some class. In the case of systems
described by partial differential equations, the motion no
longer takes place in an n-dimensional phase space, the
phase space is now infinite in dimension. Zubov [21] has
greatly advanced the direct method as applied to infinite
dimensional spaces. In a distributed system we define a
Liapunov functional which properly describes a kind of
energy distribution of the system, and it is the purpose of
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the direct method to indicate whether the energy is always
decreasing to zero, if this is the case then the system is
asymptotically stable.

The necessary theorem concerning stability of a partial
differential equation system has been given by Wang
[18], and Zubov [21]. The essence of such a theorem is
to extend the Liapunov stability theory from a finite di-
mensional phase space to a phase space of infinite dimen-
sions and the realm of partial differential equations. As
with the simpler n-dimensional phase space method the
determmanon of the Liapunov functional is the main dif-
ficulty.

The technical literature gives very little guidance on
what type of Liapunov functional to choose. A logical
functional to attempt to use is one which describes the
distance or metric of the perturbed state from the steady
state whose stability is being analyzed. Zubov [21] has
suggested that for a system of strongly parabolic partial
differential equations the following Liapunov functional be
used

1
V= > fnuT(t, x)u(t, x)do

The reason for this form of functional is that the usual
choice of the Liapunov function is to take functions which
define hyperspheres about the steady state point. In order
to have asymptotic stability the transient trajectory must
puncture these closed surfaces in such a manner that the
value of the Liapunov function is always decreasing along
the trajectory of the transitory. The above functional form
is a generalization of this notion of an appropriate Liapu-
nov function. For a linear system of ordinary differential
equations the Liapunov function is a quadratic form, the
above metric is the distributed analog of this quadratic
form with the weighting matrix P equal to the identity
matrix. These authors know of only one other form of the
Liapunov functional which has been used successfully.
This was for a very special physical system, a thin elastic
plate, and was presented in an article by Movchan [12].

In the present paper we shall investigate the feasibility
of the Liapunov functional to a number of different chem-
ical engineering systems which can exhibit multiple steady
states. While linearization of the system equations is re-
quired to test this feasibility this is not a serious disad-
vantage as compared to other approaches to the same
problem. Thus Wei [19], and Wang [18], after lineariza-

tion, change the V < 0 condition into a corresponding
eigenvalue problem; as a result it was necessary to evalu-
ate an extremal eigenvalue, The advantage of the follow-
ing analysis as compared with previous methods is the
simplicity of the method. For the analysis of the stability
of distributed systems the primary advantage of the direct
method of Liapunov is that the stability of a steady state
profile can be determined without computation of the
trajectory of the perturbed system. The sole purpose of
the Liapunov functional method is to determine stability
by looking at the steady state properties of the system,
and then to use these properties in the simplest manner.
The main disadvantage of the Liapunov functional method
is the nonuniqueness of the functional, which then leads
to a lack of sharpness in the determination of the stability
of the steady states. Here we shall only consider the single
Liapunov functional of Zubov. As previously mentioned,
more conclusive results might possibly be obtained by
analyzing the results of other forms of the functional. In
particular, the use of a weighting matrix in the functional
may be quite significant. It is hoped that the present work
will lead to such investigations.

THE CATALYST PARTICLE PROBLEM
If we consider a catalyst particle in the form of a slab,
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the dimensionless mass and heat balances associated with
a first-order chemical reaction [19, 20] are

dy &y, [v(z—l) ]
24 el 1
of Ix2 #y exp 3 (1)
oz 0%z [y(z-— 1) ]
¢ = —— 2 ————— 2
" ot ax2+ﬂ¢yexp z 2)
where
_ BR(T.) AHDC, E
T ' °T KT, ' '  RT,
D
and the Lewis Number = N, = -ﬁc-pz—. The boundary

conditions are given by
3y (¢, 0) _ 9z (t, 0)
o  ax

—0, y(t 1) =z(t 1) =1 (3)

The derivation of these equations plus a discussion of the
physical system can be found in the references above.

At steady state Equations (1) and (2) still hold but
with the left hand time derivatives becoming zero; we
shall designate the solution of the resulting steady state
concentration and temperature balances by y* and 2z*
respectively. At this condition an adiabatic galance yields

2* =1+ B(1—y°) (4)

Assuming the possibility of multiple steady states we shall
now try to analyze the stability characteristics of these
steady states.

To carry out this analysis we first define a set of per-
turbation equations around the steady states by letting

y=y" +u
(5)
z=2" 40
and by writing the nonlinear reaction rate term as
(z—1
. 2) =y exp (2222 ) (6)
Equations (1) to (3) become
du  ¢u *y*
—E —— —_— 7
s WA T s ™
v % %"
Nie— = =— , 8
g =g TABA oG ®)
. L0 t,0
u(t.0) _300) _ o uit1) =u(t,1) =0 (9)
ax ax

The Special Case of Ny =— 1 and an Adiabatic
Perturbation

In an analysis of the stability of the steady states of the
above model, Wei [19] made certain simplifying assump-
tions which will also be used here. He assumed that Np.
= 1 and also that the perturbation has the special form
Bu = —v. The assumption that the Lewis number is equal
to one is special, and only occurs in certain circumstances.
Assuming that the temperature perturbation is propor-
tional to the concentration perturbation, is equivalent to
the assumption that the perturbations respond in a locally
adiabatic manner similar to Equation (4). With these two
assumptions Equations (7 )and (8) can be decoupled so
that only a single equation in one dependent variable is
necessary to describe the system. Thus the mass balance
becomes
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du  du 1-— a%y*
du_ B gy [ Br(1—y) ]+ Y (0
ot ox? 1+8(1—y) 0x2
or
du  o'u Py*
pribenr il AU e (11)
Linearizing the nonlinear term
d (12)
gly) =8(y") + 72| = g(s") + g
Y y=y"
and noting from the steady state equation that
o%y® .
proaball AN (13)
the linearized transient equation becomes
du  Pu
@ a8 ()
with boundary conditions
u(t, 0
20 _ o w1y =0 (15)
ox

Remember that g, is a function only of position and is
determined from steady state information alone,

As previously described, the Liapunov functional will
be defined as the following for the case of one state vari-
able:

1 M
V=-2—j; widx (16)

This is positive definite except when u = 0. Differentiating
with respect to time yields

. 1 du 1( u )
V=-’j; u-ét—-dx=f u—a—x-z———gyu2 dx (17)

0

To insure stability of a given steady state it is necessary
to show that V is negative definite along all the trajectories
of the perturbed system. If Green’s first identity is ap-
plied to the first term under the integral of Equation (17)

this yields
1 g2 ou |t t 2
fu L dr =y —-j; (—%) dx (18)
0 g%

0 dx2 ox
and thus
. L/ du \2 1

Now we turn to an inequality suggested by Gavalas [8].
Consider the identity

u(t,x)=—J: a“g;x) dx foru(tl) =0 (20)

It follows that

w2(t, %) ={ j: a“(;;x> dx}z (21)

and using the Schwarz inequality

ur(t,x) = J: ( %)2 dx J: (1)2dx

= (1—x) j: <%—)2dx (22)
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In the expression for V, g, may be positive and negative
in the interval 0 =< x = 1. If we assume, which is usually
the case for the systems investigated, that in the interval
d=x=gg = Oanda’$x B gy = 0 then

. 1/ ou \? B
V=—J; (Ec_) dx+J;, |gy|udx

- f lgyjurdx  (23)

a'Fax3p
and thus
. L/ du \? 8
V§—-£. (3,;') d"+‘£’ w|gy|de
1 au 2
1/ gu \2 8’
-+ j; (—a;) dx_’;, [gy[(l——x)dx (24)
. 1/ 3u \2 B
Véj; ('a—,;') dx{»’.;. lgul (1 —x)dx—1 } (25)

For stability a sufficient condition is
V<o (28)

and therefore the stability criterion is

J;B g (1—x)dx <1 (27)

Liapunov’s direct method has led to a single, easily evalu-
ated, stability criterion for this model of an adiabatic
catalyst particle.

We will now apply this stability criterion to two ex-
amples, The first example (Case A) is of a catalyst particle
which exhibits three steady states and the second (Case
B) is a particle with a single steady state. Case A uses
the same parameters for the system given by Wei.

CONCENTRATION
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Fig. 3. Steady state concentration os a function of position case A.
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Fig. 4. Steady state concentration as a function of position case B.
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Fig. 5. gy as a function of position case A.
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For Case A, three steady states, the parameter values
= 0.16, B = 0.7 and y = 20 are used. Figure 3 shows
a plot of the steady state concentration vs. distance. from
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the center of the catalyst particle. The three steady state
profiles were obtained by backwards integration of the
steady state equation using a digital computer. Since this
is a two point boundary value problem, the value of the
dimensionless concentration at x = 1 is taken as unity and
the steady state equation is integrated backwards until
the boundary condition at the center of the particle is
met, For Case B, one steady state, Figure 4 shows the
equivalent concentration distance information. The param-
eter values are ¢ = 0.16, 8 = 0.1 and y = 20.
In Equation (12) gy takes the form

Br(1—y*) }
1+8(1—y°%)

— By 1
{ A+BI—g)e o }

Figure 5 shows a plot of g, for Case A, and Figure 6
shows a plot of g, for Case B.

Case A: For steady states 1 and 2 g, < 0 over the en-
tire interval and therefore o/ = 0 and 8 = 1; for steady
state 3 g, < 0 only in the interval 0.605 = x = 1. Com-
putation of the stability criterion [Equation (27)] yields

gy = $%y" exp {

Steady
state G
no. J‘ o [gy] (1 —=)dx Comment
1 0.1878 stable
2 3.0101 no conclusion
3 0.8578 stable

Therefore two of the steady states, 1 and 3, are asymp-
totically stable, because we have met the sufficient condi-
tion for stability. The intermediate steady state furnishes
no conclusion as to its stability, and it is known that this
intermediate steady state is unstable [19]. The functional
method has succeeded with the proper use of inequalities
in showing the stability of the two steady state profiles.
These are the same results as found by Wei, and while he
arrived at his results by solution of an eigenvalue problem
-.02547 —
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Fig. 6. gy as a function of position case B.
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this was not necessary with the present functional method.

Case B: For the single steady state profile, g, < 0 over
the entire interval and therefore, «’ = 0 and 8 = 1; for
this steady state there results

g
J;, |gy| (1 — x)dx = 0.01275 Stable

As would be expected a single steady state profile is
asymptotically stable to infinitesimal perturbations. Once
again this conclusion is easily drawn by the functional
method using inequalities.

The Special Case of N.. == 1 But With o Generolized
Perturbation

The only restriction placed upon the present system is
that the Lewis Number is still equal to one. As a result the
transient equations of the temperature and concentration
perturbations cannot easily be decoupled as was the situ-
ation in the previous case. It is also necessary to consider
a more general Liapunov functional.

Using the balances of Equations (10) and (11),
linearizing about the steady state profile with

of(y, z
Fypa) = (" 2%) + S22 |,
ay 2=z
+ M v (28)
0z ’;:’;:
and using the steady state equations
Bt =1y 20
oxz o !/ H '—f y ) ( )
9%z* . _u
==y =") == By") (30)
yields
du &%
W T w T (a1
dv é%v
o = o Tt A (32)

It is possible to combine Equations (31) and (32) so as
to obtain a single equation for the sum, v + Bu. This
sum can be shown to be stable, and in fact has a simple
eigenfunction series expansion, Substitution of this series
expansion for one of the variables does not lessen any of
the mathematical difficulties encountered in trying to
make V of definite sign.

Again f; and f, are only functions of position for a
given steady state, and in this case are positive in the
interval 0 = x < 1. Specifically

_ vB(1—y*)
h=ton (L) (39)
r$%y° y(z*—1) fury®
fa= z%2 exp ( z° ) = 242 (34)

The Liapunov functional for these two state variables is
1
V= -15- J; (42 + v2)dx (35)

The Liapunov functional is positive definite except when
4 == v = 0. The time derivative of this functional is

- J" ] oo
V="Jv {*% T % Jax (36)
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and substituting Equations (31) and (32) into (36)
yields

. 110 9% 8%v
V= £ {u:a;-—fuuz—fzuu + 05‘;‘2—
+ Bfyuo + B? }dx (87)

Applying Green’s first identity to this system we obtain
, ! ( ou )2 ( av )2 }
=— - — d
v J; { ox + ox g
[P
— ), fitds + B ), fuo?dx

1 1
- j; uvfdx + B J(: fyuvdx  (38)
Now using the following inequality

lal

* uva = |a| |uo| é-—z— (u2 + v?) (39)
there results L o
1
I} vttt pades 28 o) |81y — £ v
(40)
Inserting Equation (40) into (38) yields
. 1 ou \? dv \?
Vé"}; {(a_x) + (5;> }dx
t B fz
+ e (= ThT ) d
1
of) o o | Srt e @
Let
B fz
Fo=—fyt |5h—7 (42)
and using Equation (34)
1 #
Fu=fu(—1 +5 ) ﬁ——"/z%z— ) (43)

I F,>0, o’ =x=pg" and F, <0, o« £xE 8"
and

1 .

Fv=/3fz+'é“ l/gfy_'le (44

then Fp>0for0=x=1
Again using Equation (34)

Bry® 1 vy® )
o (B2 ]) o
we obtain
) 1 ou )2 ( dv )2 1
Vé'—.’; {( 5; + 5; }dx + j; valvzdx
2
+ L |Fuju?dx — f |Fujutdx  (46)
a"izﬁﬁ"

and

v () ()
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1 8
+J; |Folo?dx + j; |Fujutdx  (47)

But as derived previously we get

2= (1—x) J;l (%;)2 dx (48)
w=(1—2x) J;l (;;:,_3>2 dx (49)

and putting these inequalities into Equation (47) finally
yields

Vg,’: (?.’1)2 dx{—l+.£1 (1—x)|Fv]dx}

dx

1 du \2 B
+ J; (a) dx{— 1 -I—fa,, (1— x)[Fuldx}
(50)
From Equation (50) we see that we have two stability

criteria and both must be met to give a sufficient condition
for asymptotic stability. These criteria are

Condition (a)

ar
J;,, (1—x) |Fudx <1 (31)
Condition (b)

J: (1—x) |Fo]dx < 1 (52)

Now we apply the two conditions, Equations (51) and
(52), to Case A and Case B examples previously discussed.

Case A. For both steady states 1 and 2 F, and F, are
both greater than zero over the entire interval and there-
fore o” = 0 and B” = 1; for steady state 3 F, > O over
the entire interval, but F, > 0 in the interval 0.685 = x
= 1. Computation of the stability conditions yields

Steady state no. (a) (b) Comment
1 0.1247 0.3468 Stable
2 1.854 7.647 No conclusion
3 2.069 7.086 No conclusion

Therefore, in this case of three steady states, stability can
be predicted for only one of the steady states. The above
criteria do not provide sufficient conditions for the predic-
tion of stability of the other stable steady state. For the
intermediate steady state both conditions are not met as
expected since it is unstable, It is evident that the stability
criteria are not sharp enough for this general case.

Case B. For the single steady state F, and F, are both
greater than zero over the entire interval and therefore
a” = 0 and 8”7 = 1, for this steady state one obtains

(@) = J - (1—2) [Fu] de = 01153

7 =1
(b) =j;"=0 (1 —x) |Fy| dx = 0.1542
Therefore this steady state profile is asymptotically stable.
This result is expected for the case of a single steady state
profile.

The Case Nr. < 1 and o Generalized Perturbation

Here the assumption that Ny, = 1 is removed and we
assume only that the Lewis number is equal to some con-
stant, The general system of linearized equations is

ou %u

";;:'é}‘z‘_fyu_fzv (53)
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o 1 :Ji?_ ,nyu+ﬁfzu

—_— 54
ot Npe 0x2 Nie Nie ( )
As before we define the Liapunov functional
1 ™
V=—2—_£ (W + v2)dx (85)

which is positive definite except when u = v = 0. It then
follows that

. fl( ou 00)
V= u:9?+v-5t- dx (56)
and
. J‘l %u . v
V= A “’5;2_—7‘”" —-f,,uo+-—-—z\]Le 3;5-
02
B B 4 sy
NLe Le

Using the previous analysis we obtain

Véj;l ! f)zdx(—ufol (l—x){Fv[dx)

Np. “ox
§ (&) a(-1+ L a-omia) oo
ith

Wi

1
Fy = gf. + 'E‘ ‘ﬂfv"'NLefz‘

o 1 Nie o
-t (Br g |o-—2E]) o

z
and
1 vy’ )

fop (1t |2 "

* fy + 2| N Le z"2 ( )
It should be noted that for various values of Ni, the sta-
bility characteristics of the system changed ‘markedly.
Computations with this system have not been carried fur-
ther because of the lack of sharp stability bounds in the
less general case of N, = 1.

THE ADIABATIC TUBULAR REACTOR PROBLEM

The system of equations is the same as that presented
by Amundson and Raymond [1] and the reader is re-
ferred to their article for a definition of the terms. The
only diffusion which is taking place is in the axial direc-
tion. The fluid is assumed to be in turbulent flow so radial
effects can be neglected. The heat and mass balances are

oT 3T oT
#Cy o8 dx2 PO ox

+ (—aH)k C exp(—--R%:‘—) (61)

aC 9C aC E
02 ()
% at " ox P\ ~wr) (2
The boundary conditions are
T
pOCp(To'—T) =—-)\'3;- x=90 >0
oC
v(Co—C)=—-D—a? x=0 4>0
aCc  aT
== x=1 6>0 (63)
ox dx
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But for a tubular reactor in turbulent flow
A= pC,D

which is a consequence of the mechanism for heat trans-
port and mass transport being the same.
We can rephrase these equations by defining

s=x/l; 2=T/Ty y=C/C,
and
_ 12k . g= AHC, ot
o = D H = TapCp 3 v= Ba - I2 4

vl E
— Q=-—
D RT,
These changes convert Equations (61) to (63) to

dy Py dy
-bt—---a—sz——Npe-:3;—+ayexp ("Q/z) (64)
0z 9% oy
.b_t__.gs.z__zvp,-g--i-vyexp(—(?/z) (65)
ats =90 ats =1
3y (t,0) ay(t,1)
Ne(1—y(0) =~ Xl oo
(66)
z(t, 0z (¢,
Npe(l—2(30)) = — 250) 251) =0
ds 0s

As in the case of the catalyst particle we will first as-
sume that the perturbation in the temperature is propor-
tional to the perturbation in the concentration. If this
procedure provides a sufficient criterion for the prediction
of the stability of two steady states, then removal of this
restriction may yield sufficient criteria for the prediction
of stability in the general case.

For the adiabatic perturbation

z(t8) = 1+ B(1—y(ts)) (67)

substituting (67) into either Equation (64) or (65)
yields a single equation

9y &y dy ( -Q )
RN N S A, —_——
ot o e P\ TIea—p (68)

By letting Equation (68) equal zero the steady state pro-
file may be generated. For the nonlinear reaction rate term

f=fy) =yexp{—Q/[L+B(1—y1} (69)
linearizing about the steady state profile yields, with u
=y—y5

& af L]
f=f) + == | u =f(y*) +ufy  (T0)
Y ly=y*
Since we are dealing with infinitesimal perturbations we
will assume that
u(t,0) =0 (71)

Applying the steady state equation and putting Equation
(70) into (68) yields

ou Pu u
—— DT Sm—— — N D
o as pe o otify (72)

with boundary conditions

u(t,0) =0
du(t,1) —0
P (73)
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In order to make the system more amenable to analysis
the following change of variable is needed

u(t,s) = £(t,5) exp (Npes/2) (74)
This converts Equations (72) and (73) to
ot o Nre
E-m-t(Fra) o
3§(¢,1 Npe
£r0) =0 BN peny X (76)
as 2

Since we now have one state variable, we can define the
Liapunov functional as

1 1
V== fo g£ds 77)

Differentiating (77) with respect to time and putting in
(75) yields

- f:f—i;-dm fl{ i

0 852

—e( Nfe_‘_afu)}ds (78)

If we apply Green’s first identity to the first term under
the integral sign, there results

S f—a—;-fz—ds =~ N:‘ o) - f (%i— )‘2 ds (79)

and therefore

LT

+ f el —Nf" —ofy) ds (80)

2
NPe

The factor (— - afy) in Equation (80) can be

both positive and negative in the interval 0 = s = 1. But

2
NPe

in the example to be discussed ( — — afy ) will be,

at most, positive only in the interval &’ = s = g'. Therefore

V=— A:" 52(t,1)-—J: (-:—f—)z ds

o Np,
+_£, |-y |ds (81)

A derivation similar to that which led to Equation (22)
can now be used. Thus

g=j:(.%i~)ds (82)

DIMENSIONLESS
TEMPERATURE
- 1.4
- 1.3 Steady State ¥3
— 1.2
Steady State
#2
— 1.1
: Steady State * l)
;__Lo __4=_——_‘=— 1 1 1 1 i | | J
0.0 0.I0 020 0.30 040 0.50 060 0.70 0.80 0.90 1.0
DIMENSIONLESS DISTANCE FROM ENTRANCE

Fig. 7. Steady state temperature profiles for the adiobatic tubular reactor.
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s

and applying the Schwarz inequality

es ) (Z) af @rasf (£ a
Putting (84) into (81) yields (84)

Np...s;u,l) L % Yas

(—1 + Lﬁrsl——Nfe-—afylds) (85)

Thus we see that for stability of a steady state V < 0, and
the stability criterion is now

Vs-—

2
5 N
fa, s]— :"—af,,|ds<1 (86)

In order to determine if a steady state meets the sta-
bility criterion of Equation (86) it is necessary to generate
the steady state profiles of either the temperature or the
concentration in the reactor (the concentration and tem-
perature are related by Equation (67). A method to de-
termine these steady state profiles was proposed by Ray-
mond and Amundson and consists of integrating the steady
state equations backwards toward the inlet of the reactor,
and then iterating until the Danckwert’s boundary condi-
tion is met at the inlet. Using data generously provided
by Amundson [3] steady states 1 and 2 were generated
using a single precision Hamming predictor-corrector in-
tegrator routine on an IBM 7094 digital computer. The
third steady state, which is almost discontinuous, could
not be generated by this single precision routine or by a
number of others tried. Instead it was necessary to use a
double precision (96 bits) variable step Runge-Kutta
method on a C.D.C. 1604 digital computer to generate
this profile. The physical parameters for the specific sys-
tem are

a = —lz’i- = 2,25 x 1013 Npe = 30.
D
AHC,
= e = (.40 = 30.
B=—Tua, ©

Figure 7 shows the steady state temperature profiles which
were generated for these parameters. In order to docu-

level of reaction is taking place in the reactor. Neither the
intermediate or the upper steady states meet the criterion
for stability. One of the reasons why this criterion is not
sharp enough to show that the upper steady state is stable
Npe£2(t, 1)
2
Equation (85). An extra negative term as this one did not
appear in the expression for V of the catalyst particle.
Any further (%eneralization of the perturbation will prob-
ably not yield any more satisfactory results. Thus we shall
not pursue this problem further.

is because of the term — which occurs in

CONCLUSIONS

It has been shown that in certain situations the Liapu-
nov functional method can be used to predict stability of
distributed systems. Specifically, the approach which has
been used is to employ mathematical inequalities in order
to insure that the sign of V is negative definite. In the case
of a catalyst particle, which is modeled as a slab exhibiting
a Lewis number of unity and having an adiabatic pertur-
bation form, the results from this approach are entirely
satisfactory. When any further generalization of the cat-
alyst particle model is made or the stability of an adiabatic
tubular reactor investigated, the resulting stability cri-
teria do not yield sharp results for some of the stable
steady states. These poorer results are due to either the
choice of the Liapunov functional form or the use of in-
equalities.
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NOTATION
a constant defined in Equation (39)
C concentration
Cp heat capacity
D diffusivity
E energy of activation
vector functions
f(y, z) = see Equation (6)
F, see Equation (42)
g(y) = see Equation (11)

by
I 1 1 O

AH heat of reaction

k(T,) = reduced frequency factor
K thermal conductivity

Ni. = Lewis number

il

X Np, = Peclet numb.
1t'n.entdthe profiles exactly the following results were ob- PP . p:sciteiv:‘:l?ﬁr?il; ¢ symmetric matrix
aine R = gas constant
Steady state no. Temperature at the outlet t = time
T = temperature
1 1.05705 u = state vector for P.D.E.
2 1.30940 u = dimensionless concentration perturbation
3 1.3999999999999999995 v = dimensionless temperature perturbation
Using these steady state profiles with the stability criterion v _ Liapunov fufnctl((;nDo%functlonal
of Equation (86) yields the following results X = state vector for O.D.k.
y = dimensionless concentration
B’ N2 % = dimensionless temperature
Steady state no. f §| ——2=— afy | ds  Comment fontess temp
@ Greek Letters
1 0 Stable a’('), ﬂg"), ',y(') .=.scala1: constants
2 64.032 No conclusion o, B, &, 87 = limits of integration
3 20.788 No conclusion a, B, v = constants, see Equations (64) and (65)
) 8 = heat of reaction coefficient
Therefore, when the stability criterion is applied to y = reduced activation energy
these steady state profiles only one of them is definitely 8, ¢ = scalar measure
stable, The stable steady state is that one for which a low ¢ = reduced concentration variable
Yol. 14, No. 4 AIChE Journal Page 567



p = density

é = solution vector for O.D.E.
42 = Thiele modulus

= spatial region

Subscripts

¢ = equilibrium state

0 = initial state

y = derivative with respect to y
z = derivative with respect to z
Superscripts

® = steady state condition
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Use of Molecular Shape Factors in

Vapor-Liquid Equilibrium Calculations with

the Corresponding States Principle

J. W. LEACH, P. S. CHAPPELEAR, and T. W.LELAND

Rice University, Houston, Texas

Calculation of fugacities of components in a goseous or liquid solution directly from the

corresponding stotes principle requires an improvement in the pseudo-critical constants for
the mixture. The derivation of the pseudo-criticals must take into account deviations from the
simple two porometer corresponding states principle which require additional parameters
incorporated into the definition of the pseudo-criticals. In this work parometers called mole-
culor shope factors ore introduced into the pseudo-criticals. A generalized correlation for
these shape factors is presented.

Use of the shope factors greatly improves the calculotion of vapor-liquid equilibrium ratios
~ for nonpolar hydrocarbon mixtures with large differences in molecular size and shape. Excel-
lent results are obtained both in the low pressure and in the retrograde region when the
pseudo-reduced properties of the vapor and liquid lie within the range of accurately known
propetties of o reference fluid and the reduced temperatures for each component is greater

than approximately 0.6.

Direct calculation of individual component fugacities in
a mixture, and of equilibrium vapor-liquid distribution co-
efficients (K-values) from the corresponding states princi-
ple, offers some attractive possibilities in practical solution
thermodynamics. In this procedure one defines pseudo-
critical values for the mixture and determines the mixture
properties from the known properties of a pure reference
substance at the same pseudo-reduced conditions. In cal-

J. W. Leach is with Ling-Temco-Vought, Inc,, Dallas, Texas
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culating individual fugacities and K-values one must dif-
ferentiate the pseudo-critical constants with respect to
composition. This requires a great deal more accuracy in
the pseudo-critical definitions, than is necessary, to predict
total solution properties. Inaccuracies in the definitions of
pseudo-criticals arise from three sources:

1. Errors arising from the fact that the partition func-
tion and its thermodynamic derivatives for a pure refer-
ence cannot always exactly represent the corresponding
functions for a mixture of dissimilar molecules, even when
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